Solution
Water Hammer

Part A. Excess Pressure and Propagation of Pressure wave
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Fig. S1. Pressure wave (shaded) with speed ¢

A.1 (1.6 pt) Excess pressure and speed of propagation of the pressure wave

When the valve opening is suddenly blocked, fluid pressure at the valve jumps
from P, to P; = P, + AF;, thus sending a pressure wave traveling upstream (to the
left) with speed ¢ and amplitude AP,. Taking positive x direction as pointing to
the right, the velocity of fluid particles next to the valve changes from v, to v,

(v1 < 0). Thus the velocity change is Av = v; — v,.

In a frame moving to left (along —x direction) with speed ¢, i.e., riding on the
wave (see Fig. S1), velocity of fluid in the pressure wave is ¢ + v, while that of the
incoming fluid in the steady flow ahead of the wave is ¢ + v,. Let p; be the density
of fluid in the pressure wave. From conservation of mass, i.e., equation of continuity,
we have

po(c +vy) = py(c +vy) (al)
or, by letting Ap = p; — po,
A_pzl_@_vo—vl_ —Av

P1 p1 cH+vy ¢+

(a2)

Moreover, impulse imparted to the fluid must equal its momentum change. Thus, in
a short time interval T after the valve is closed, we must have

po(c +vo)t[(c+vy) — (c +vo)] = —TAP = (P, — P,)7 (@3)
or

APS=—p0c(1+?)(v1—vo)=—poc(1+?)Av = a=—(1+%) (a4)

If vy/c <1, we have
AP, = —pycAv (a5)
Note that the negative sign in Egs. (a4) and (a5) follows from the fact that the
direction of propagation is opposite to the positive direction for x axis (and velocity).

Otherwise the sign should be positive. Note also that for a compressional wave



(AP; > 0), the velocity imparted to the fluid particle is in the direction of propagation,
while for an extensional wave (AP; < 0), the velocity imparted is in the opposite
direction of propagation.

Egs. (a2) and (a4) can be combined to give

Vo2 Ap
_ 2 20y =X
AP, = pyc (1 + c) o (ab)
From the definition of the bulk modulus B, which is assumed to be constant, it
follows
Vo — V- 1 -1 A
APS=BO 1_p /Po /P1=B_.0 @a7)
Vo 1/po P1
From Egs. (a6) and (a7), we obtain
Van 2
2 20y _
PoC (1 + c) B (a8)

Thus

’B
c= |[——v, = y=1 B = —v, (29)
Po

However, if in the definition of bulk modulus one uses the fractional change of
density Ap/py instead of —AV /V,, the resultis then y =1 + AP, /B.* Either result
is considered valid.

If vy/c <1, we have
c= |— (a10)

*The result (a7) is pointed out by Dr. Jaan Kalda.

A.2 (0.6 pt) Values of ¢ and AP, for water flow
Ans:
From Egs. (a5) and (al10), we have
c=+B/po
AP = pocvy = UO\/pO_B
Putting in the given values v, = 4.0 m/s, v; =0, p, = 1.0 X 103 kg/m3,
and B = 2.2 X 10° Pa, we have
c=+B/py=15x103m/s (b1)
AP, = v4,/poB = 5.9 MPa (b2)
so that AP; is nearly 59 times the standard pressure.
Note that v,/c~10"3 so that the use of approximate formulas (a5) and (a10) is

justified when solving tasks in this problem.



Part B. A Model for the Flow-Control Valve

(B.1) (1.0 pt) Excess pressure at valve inlet
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Fig. 2. Valve dimensions and contraction of jet.

Ans:

The model assumes the fluid to be incompressible. Neglecting effects of gravity,

Bernoulli’s principle gives us

1 1
Epovizn + Py = Epovcz + P,

Equation of continuity and definition of contraction coefficient imply that

R?v;, = nr2v. = nr?C.v,
Therefore
2

1 /R

k()
From Egs. (c1) and (c2), we obtain

AP, = Py, — P, =1p vE li(ﬁf—ll =Ep vE

1 1 a 2 0Yin Cc2 r ) 0%in

This may be cast into a form involving only dimensionless variables:

AP, 1 v;n2[1 /R\* k /N2
=30 =) ‘1125(%)

-[e() ]

Thus we see from eq. (c4) that APy, is a quadratic function of vy,.

where

Part C. Water-Hammer Effect due to Fast Closure of Flow-Control Valve

(C.1) (0.6 pt) Pressure P, and velocity v, when the valve is fully open
Ans:
According to Bernoulli’s theorem and the definition of P, we have

(cD)

(c2)

(c3)

(c4)

(c5)



%.001754'[)0=%P0Vc2+Pa=0+Pa+Pogh=Ph (d1)

From the second equality in the preceding equation, it follows

ve = J2gh
Furthermore, from continuity equation and C.(r = R) = 1.0, we have

nR?*vy = n(C.R)?v, = mR?*v, = vy = v, = /2gh (d2)
Therefore

Py =P, = Py — pogh (d3)
(C.2) (1.2 pt) Pressure P(t) and flow velocity v(t) just beforet = % = % and t=T7
Ans:

When the valve is open, the flow in the pipe is steady with velocity v, and
pressure P,. The sudden closure of the valve causes an excess pressure AP, on the
fluid element next to the valve, causing it to stop with velocity v; = 0. The velocity
change is thus Av = v; — vy, = —v,. Thus, according to Eq. (a5), the excess pressure
on the fluid is given by

AP, = —pocAv = pycv, (el)

Attimet = t/2 = L/c, the pressure wave reaches the reservoir. The velocity of
fluid in the length of the pipe has all changed to v(t/2) = v, = vy, + Av =0 and
the fluid pressure is P(t/2) = P; = Py + AP, = Py + pycvy.

At the reservoir end of the pipe, fluid pressure reduces to the constant
hydrostatic pressure P, = Py + pogh. Equivalently, we may say that the reservoir
acts as a free end for the pressure wave and, in reducing its excess pressure to Py,
causes a compression wave to be reflected as an expansion wave. Relative to the
hydrostatic pressure P, the amplitude of the incoming pressure wave is AP;, =
P; — Py, hence the reflected expansion wave will have an amplitude AP] = —AP;,
and we have

AP{ = —=APy, = Py — P, = (Py + pogh) — (P + pocvy) = —poc(vy — gh/c) (e2)
(Here we allow the pressure amplitude to have both signs with negative amplitude
signifying an expansion wave.) This will cause the fluid at the reservoir end of the
pipe to suffer a velocity change (keeping in mind that the direction of propagation is

now the same as the +x axis)

Avy. = +AP[/(poc) = —(vy — gh/c)
Consequently, its velocity changes to

h
Vip =V +Av. =0 — (vo - %) (e3)

Ahead of the front of the reflected wave, conditions are unchanged and the particle
velocity is still v; = 0 and the fluid pressure is still P, = P, + AP, but behind the
wave front the particle velocity now becomes v,, = — (v, — gh/c) and the

pressure becomes



P1+AP1'=(P0+pocv0)—poc(v0—%>=P0+p0gh (e4)
Therefore, just moment before t = t = 2L/c when the front of the reflected wave
reaches the valve, the fluid in the whole length of the pipe will be under the
pressure P(t) = Py + pogh = P, as given in Eq. (e4) , and all fluid particles in the
pipe will move, as given in Eq. (e3), with velocity v(7) = v,, = —v, + gh/c, i.e., the

fluid in the pipe is expanding and flowing toward the reservoir.
Part D. Water-Hammer Effect due to Slow Closure of Flow-Control Valve

(D.1) (3.0 pt) Recursion relations for AP, and v,
Ans:

Enforcing the approximation P, = P, + pogh = P, is equivalent to putting
h = 0 in all of the results obtained in task (e).
(1) Partial closingn =1

At the valve, immediately after partial closing n = 1, fluid pressure jumps
from P, to P, causing flow velocity to change from v, to v;. The pressure and

velocity changes are related by Eq. (a5):
1
— (P, —Py) =—(v, — f1
,DoC( 1 0) (vy — vp) (f1)

Just before reflection by the reservoir, the fluid in the entire pipe has pressure P;
and velocity v,. After reflection by the reservoir, i.e., a free end, and before the start

of valve closure n = 2, the fluid in the entire pipe has pressure (Eq. (e4) with h = 0)
Py — (P, — Py) =Py
and velocity

—(P, - P,
v{=v1+M=v1+(vl—v0)
PoC

(2) Partial closingn = 2
Immediately after partial closing n = 2, valve pressure changes from P, to P,,
causing flow velocity to change from v;{ to v,. The pressure and velocity changes are

given by Eq. (a5):
1
E(PZ—PO)=—(v2—v{)=—v2+v1+(v1—v0) (f2)
0
Using Eq. (f1), we may rewrite the preceding equation as
1 1
— P, —Py) = —(v, — ——(P; — P, f3
DoC (P, 0) (v, — 1) ,DOC( 1 0) (f3)
Just before reflection by the reservoir, the fluid in the entire pipe has pressure P,

and velocity v,. After reflection by the reservoir and before valve closure n = 3, the

fluid in the entire pipe has pressure
P, — (P, —Py) =P,
and velocity

v, = v, + (v, —vg)



(3) Partial closingn = 3

Immediately after partial closing n = 3, valve pressure changes from P, to P,
causing flow velocity to change from v; to v5. The pressure and velocity changes are
given by Eq. (a5):

1
p_C(P3—Po):—(U3—Ué):—U3+V2+(U2—U{) (f4)
0
Using Eq. (f2), we may rewrite the preceding equation as
1 1
—(P; —Py) = —(v3 — —— (P, — P, f5
,DOC( 3 0) (v3 —v,) PoC( 2 0) (f5)

Just before reflection by the reservoir, the fluid in the entire pipe has pressure P;
and velocity v5. After reflection by the reservoir and before valve closure n = 4, the
fluid in the entire pipe has pressure

P3—(P3_Po)=Po
and velocity

vz = v3 + (v3 — v3)
(4) Partial closingn = 4

When the valve is fully shut at valve closing n = 4, the valve becomes a fixed

end, so the fluid velocity at the valve changes from v to v, = 0. The pressure

P, at the valve is then given by Eq. (a5):

1 1
— Py —Py) = —(vy —v3) = —vy, +v3 ——(P3 — Py) (f6)
o€ o€

Finally, if we take note of the fact that AP, = 0 and v, = 0, then all equations

obtained above relating excess pressures and velocity changes after valve closings all

have the same form:

AP, ( ) AP,_4
poC T P Po€

To solve for AP, = P, — P,, we note that, from Egs. (c3) and (c5), we have

(n=12734) (£7)

another relation between AP, and v,;:

AP, = %knpovn2 (n=1,2,3) (f8)
where C, represents C. for r =17, and
1 /R\*
k, = [C—% <Z) - 1] (n=123) (f9)
Combining Egs. (f7) and (f8), we have a quadratic equation for v,,:
2
%kn (UC—”) + U—C” + (Apinc‘zl - U"C‘l) =0 (n=123) (f10)

which can be solved readily using the formula

, —1+\/1+2kn(%—%>
n
no_ =123 f11
- L (n=123) (f11)
If both AP,_;/(pc?) and (v,_;/c) are known, Eq. (f11) may be used to

compute v,,/c and then find AP,/(pc?) by using Eq. (f8). Therefore, Eq. (f7) may




be solved iteratively starting withn = 1 untiln = 3. For n = 4, we know v, = 0, so
Eq. (f7) may be used directly to find AB,.

Note that, from Eq. (f8), AP,,_; is a quadratic function of v, _4, so thatif v,_;
is known, then v, may be computed using Eq. (f11) and then AP, may again be

computed using Eq. (f8).

(D.2) (2.0 pt) Estimating AP, and pycv, by graphical method

Ans:

To solve Egs. (f7) and (f8) using graphical method, we rewrite them as follows:

AR, = —(poCVn — PoCVp_1) — APp_4

AP,

e (bocvi)?

0

(n=1,234)

(n=1,234)

(1)

(82)

In a plot of AP vs. pycv, Eq. (g1) and Eq. (g2) correspond to a line passing through
the point (pycv,,_1, —AP,_;) with slope —1 and a parabola passing through the
origin, respectively. Thus one may readily obtain the solutions for each step of valve

closing by locating their points of intersection, starting withn = 1. The result is

shown in the following graph.

AP/MPa

(pocvs, —AP3)

AP-pcv at valve

(pocvy, —AP;)

n=3,r/R=0.2 —@—n=2, r/R=0.3

pcv/MPa

(pocvy,—APy)

—8—n=1, r/R=0.4

Excess Pressures and particle velocities at the valve for slow closing

no| m/R Cn kn vp/(m/s) | pocvy/MPa | AF,/(MPa) | AP,/(pocvo)
0 | 100 1.00 0.0 4.0 6.0 0.0 0.0

1 | 040 | 0631 | 971 3.6 5.8 0.62 10 %

2 | 030 | 0622 | 318 2.5 3.8 1.0 17%

3 | 020 | 0616 | 1646. 1.1 1.7 1.1 18%




0.00

0.0

0.0

0.64

11%

poc = 1.50 X 106 kgm~2s71

vy =4.0m/s




Appendix
(The following table and graph are for reference only, not part of the task.)

Forvy = 4.0 m/s,c = 1.5 X 103 m/s, and p = 1.0 X 103 kg/m3, the results

for v, and AP, are shown in the following table and graph. They are computed

according to equations given in task (f). Note that for a sudden full closure of the

valve, we have AP qden = PCVy = 6.0 MPa.

Excess Pressures and particle velocities at the valve for slow closing

valve closing step n

n Tn/R Cn kn vn/(m/s) pcvn/MPa APn/(MPa) APn/(pCUO)
0 | 1.00 1.00 0.0 4.0 6.0 0.0 0.0
1 | 040 | 0.631 | 97.1 3.58 5.37 0.624 10 %
2 | 030 | 0.622 | 318. 2.50 3.75 0.997 17 %
3 | 0.20 | 0.616 | 1646. 1.13 1.695 1.06 18 %
4 | 0.00 0.0 0.0 0.643 11%
AP, /MPa Excess pressures at valve
1.5
1 —
0.5
0
0 1 2 3 4 5
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A =ny/h? + (d— 2)2 4+ /(hgcos ¢ + zsin ¢)?n2 + (—hysin ¢ + z cos ¢)?nd

N fif 0Tk D RARES NG,

~

. z—d hy sin ¢ cos ¢(n? — n2) + z(n?sin® ¢ + n2 cos? @)
VhE 4+ (d—2)2  /(hacos ¢ + zsin ¢)?n2 + (—hesin g + z cos ¢)2ng
z—d
TR+ (=)

=sinf; THAI LR ENS,

(P3 — P1 tan (92)2

n’sin® 6, = P, tan2 60y — 2P; tan Oy + P
285, 122U,
P = ot rlsin’s
P, = nsin® ¢ +ng cos®
Py = (n2—n?)sin¢cos ¢

9




LB
Pi(n*sin® §; — Py) tan® 0, — 2Ps(n*sin® 6, — P)) tan 6; + Pyn’sin?6; — PZ = 0

b, TNk

N
I

Pl(n2 SiIl2 (91 — P1>
—2P3(n2 SiIl2 91 — Pl)
é = P2n281D201 —P32

]
I

6=0IHLT, Py=0, P =nd, P=nk

n2(n?sin?0; — n3) tan? 0y + n’n’sin®0, =0 £ 0,

nn,. sin 64

tan 6y =
noy/n3 — n?sin® 6,

¢ =7/2IZH LTI, P3=0, Pi=n? P =ng

e’
n?(n?sin® 0, — n?)tan® 6y +n2n?sin®0; =0 £ 0

nng sin 61

tan 6 =

ney/n2 — n2sin® 0,

Part C. XDED2N (ZVFVTILAVE) (4.2R)

C.1 0.8%=
%7

(1) w:wliWQ, Ezlglﬂ:gg
(2) hw = hwy £ hwy, KT DI RILF — L7
hk = hky & Tk, Yo7 OEB)ERAF

(3) T DORHE  TEXNF—FETH LU Tw = w; + wo,
EFRGAFTH L TE =k + ko

10



B (5| -
Eﬂl—?gﬁw, BT F)bg®%?§jljibfii%®éﬁf%éi Acos(wt — k- 7) @
CHASNB, ThikE, ’;‘(eﬂwt’?fue w0y p B E 2 A
TE5, ZOA%
NL _ Z %:XZ(?,)CE]E;C
IZRAL, FRBOFAZ BT 5 &i]
W = w1+ wo,

W = W1 — Wy,

Y15, 2L, WEHBIZETH D, ZOBIRIENET O R F — ho L EH
BhED OSSP TH D, w=w +wy k=Fk +k & (w, k)@%%mému
T2ODKTF (wi, k1) & (wo, ko) 1T Uz, —Fw =wy —wy, k= ki — ks
1 (w1, k1) DHT DL T2 ODHT (w0, k) & (wo, ko) 1THZU Tz,

0—0 + o, e—e + e

RED
[F] — EfR = TAIAH DA Sl 1
ni(w)w  nj(wr)wr N N (ws )wo

W= w1+ wy =
c c c

Thbd, TIZiZi,j, klZonenPThHb, w >w THDENETDHE, w
Fw =w—wy CLUTHSZENTE, k2G5,

ni(w) = my(wr) = 2 {n(wn) = ny(wn)}
ZniE, L, i =j=kTni(w)—njlw) >0, D ng(wr) —nj(w;) <0T
DX, w>w >wy THHEZENS, EEOABREAIMZINLNZ 2
I$HHM®™TH B,
DG EIZEE L Tidng & n (ZIZBIRA N DT, MHDOEE MR-
NTVWDB, I, w=w +wy, k=Fk +k IFRTETHD, HWiZo—o0 +
0, e—ve + e DARAGETH 5,
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(1)
M — Ko{l — No(€Qe,0) cot 0} + K,
N 2K K,
N,
N==on
1 1\ N?
N
(2) PO 7 DRI I tan-! (K ) B
0
N 2K, N,

Ky Ko{l— N.(Q.,0)cot0} + K,

(3) MO tan! (VLK/M ) %
0

W__Q—Qe<1 1>+ N?

Ko, = MKy \u, wu.) 4M?2K,

Uo

fREB -

N DEEE M 2723 72 DIZ AR w & w Zw =Qe+1v & wy =00+ 1/
EUT, #il-isv & VvV CTERHT 5,

Q+W=QEVw+w=w, v=—1ThD,

AL &S ITHEIENRZ LI LTEE = k) + by DEMRE = k = K, =
ki, + ko, BEO Ky = k1 =q DESIZELZ RS,

WAL 0 TH LTI, + k. = &3, b = % g, cngy
by = =2 = hy — "% LT % ke D wn HRAPHED b (KT B IR
5L

Q)$2 dk
py = Tolw)wr o) dke e v
c C dCUQ o
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B85, T TCu B ELBOEITHS, HIZ2ikFTIZBELT

ne(wla 91)601

a5, FRRICEES e T U TR + k2, =k, k= TH

C
2
b, ZNEY k= ki -k} = kuaaé ki DIEBIZ, ky 13T D
%@@ﬁ%ﬁ@bfﬁ&éoh@ﬁﬁ@%%t@t?%o;ﬂib

Ne(wr, 01)wr ne(Qe, ) dk1(2e, 0) Qe dne(€,0)

k1 = — — - —Q)+— 0,—0
! c c + dQ, (1 )+ c dé (61=0)+
Q) Q Q
::mmi&me:;m,it,wﬁgﬁ)ﬁﬂﬁ%ﬁ@ﬁé%mﬁbf
C e

1/ue THH
dk1(Qe,0)  ne(Qe, 0) N Qe dne(S2e, 0)

dQ. - c c d€,

LRoNhs, THIT,
dne(Qe,0)  neno(nZ —ng)sinfcos 6
do  (ndsin?6 + n2 cos? 0)3/2

ThHHI LN

= ne(e, )N (€2, 0)

2
Aumﬁﬁj?

ngsin® 0 + n2 cos? 0

— ng) sin 0 cos O

2195, ne <ng ’ﬂb’CN(Qe,H)<0T@51&¢:?§%bi50
00 =0, —0%KDB-DIZ, £ @k IZX LT

l;‘a - OA = cosf,, = cos 0 cos Yy + sin 6 sin 1, cos ¢,

2135 (MEDK 2(a) 21R),
sin@bl = |];L’1‘/‘E1‘ = QL/kl <L 1Tady, E A COS¢1 = 1—sin2¢1
=1—(1/2)sin®¢; +--- D2IRETT, k&2 K, TEEHZ

1
QJ_ _..)_f_sin@(g;‘e_i_...)cosqsl

 OA _
ki-O cos 01 cos@( 2?2

2135,
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— 7}, cosf; = cosf + dcosf

(0 —0)+---=cosf —sinf(6y —0)+--- TH

o dé
D, ZNn& k- -OADAFRERE AT
1 ¢ 1
01—9=2;](t2c0t6—;1(tcos¢1+- 2;];200139+K6+
PAEZITRTEDLET

1 2
b = K, + (0 — Q)+Ndmﬁmy+2£¢Mﬂ%ﬁﬁm9—ﬂ+~-

Ue

YRBZEDRDND, TORE kL &K, = ki + k. LEDEDB L

Q—Q)(——— )+ N(D + ¢ ! —
( 6) (ue u()) + 6( 679)q$ +QJ_ { 2K6K0 O

2135, ne<ng &Y N(Q,0) <0THbB, TN &D

N, \? 11 N?

EEENRADBI MRS, T2

 Ko[Ne(92e,0) cot 0 — 1] — K,
M= - 2K, K, >0
Thb,
WIZN =—N,/2M >0 (N, <0), BX,
1 1 N2
—(Q=Q)— == c
( )<u0 ue> + 4M

Thd, HOMNIZ ky TSI N MO G CREDIT SN, MiED
i 2 DRIDAE L tan (N/k.) TH Y, Zhix

N 2K, N,
Nk, ~ —=—
/M Ko Ko{l — N.(,0)cot 0} + K,

Thd, MDA

WI/M LM Q-9 (1_1) N?
]C() K() MKO U 4M2K0

Tho,
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C.4 08=

BZ
P(a,f) = gsin(a+ )
P(a,f1) = eof(a+ )
P(a,B) = jeot(a+0)
Plai,B1) = ;Sm (a+5)
FREB -

a XTI U TRED SR D& & mGICEED®ESL 2 TNE N o) & |ay)
TRITZ2IZLE DS, 22T, BE Ty 138 Y 7 AL TREE - 7B DHkiIE
ERTBDLT D, ey Hmo&ES (DRE) &

|Z1) = cosala,) — sinalay)

190y = sinalag) + cos alay)
[FIBRIC b TFITX LT
|#}) = cos B]B) — sin B|B,)
[95) = sinB|B:) + cos B|By)
Thbd, TNOHH
&) 9y) = (cosalag) — sinalay))(sin B|5;) + cos B]5,))
a)|%5) = (sinalag) + cosalay))(cos B]B:) — sin 515,))

EONTNEF I U TR

}(\x DIk + 1 1E0)

= ﬂ{(cosozsinﬁ + sina cos B)(|ag)|Be) — |ay))|By))
+(cosacos B —sinasin ) (o) |8y) — o)) B2)) }
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1 .
— \/§{SIH(C¥ + B)(|aw)|Be) — o) By))

+cos(a + B)(|aw)|By) — low)|Ba))}

UEED
P(a, ) = ;sirﬂ(aw)
Plas, /1) = ysint(a+ )
Pla, ) = ;aﬂ%a+w%
Plas,B) = 5 cosi(o+f)
C5 058
3

S = | cos2(a = B) — cos 2(a — )| + | cos 2(a’ — B) + cos2(a’ — §)

S = 2v/2,
S > 2 1k G & XA WY,

_ P(a,B) + Play,p1) — Pla, 1) —
E(aaﬁ) - P(Oz,ﬁ) +P(&J_76J_) —{—P(Oz,ﬁj_) +P(04J_75)

Thb, POERXNZHONIX

E(a,B) = sin*(a+ ) — cos’(a + f3)
= (sinacos f + cos asin 3) — (cos acos 3 — sin arsin 3)*
= —(cos’a — sin® a)(cos? 3 — sin® ) + 4 sin arsin 3 cos v cos 3
= sin(2«a) sin(28) — cos(2a) cos(25)
= —cos2(a—f)
Uz
S =]cos2(a— ) —cos2(a— )]+ |cos2(a’ — ) + cos2(a’ — )]
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n r_ _ T /:E
04_17 Oé_oa 6_ 87 /8 ]
X LTSI
1 1 1 1
S — | _ =2V2>2
| V2 \/§|+|\/§+\/§| V2>

L5, PAED S R & AN,
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Theory 3 Magnetic Levitation: Solution

Part A. Sudden appearance of a magnetic monopole: initial response and subsequent
time evolution of theresponsein thethin film

Initial response

A.1lInthez > 0 region, excluding the point occupied by the monopole, the magnetic field
§=§’+§mpatt= to = 0 isgiven by

Z _ Moqm (z-h)i+p
Binp = am [(z—h)2+p?2]3/2’ (A-1)
B _ Hodm _ (z+h)2+p ]
T 4w [(z+h)2+p2]3/2° (A-2)
B _ Hodm (z—h)z+p (z+h)2+p )
T am [[(z—h)2+p2]3/2 [(Z+h)2+p2]3/2] ' (A 3)

A.2Inthez < —d region, the magnetic field B = B’ + By, a t = t, = 0 isgiven by

(A-4)

A.3FromEq. (A-3), B, =0atz = 0foradl p.

Therefore, theltotal magnetic flux @5 = 0 at z = 0. | (A-5)
From Eq. (A-4), B, =0atz = —d.
Therefore, theltotal magnetic flux &g = 0 at z = —d. (A-6)

A.4 Applying Ampere’s law along the path shown in the figure below, and using the
approximation d « h, we have

B,(p, z=0)dp = po j(p) dp-d, (A-7)
where the contributions from the B,d terms are smaller by afactor d /h and neglected.
dp
------- —_——
C/Il = = E = I p
_______ [P ——

The induced current density is given by

SN 1 . =gy _ _ dm ZAXZ))
JP)=-—2xB(p,z=0) =3 "o - (A-8)

Subsequent response

A.5 Consider the form of anintegral of Eg.(2), in the Question sheet, over the film thickness, we
get, for z = 0 inside thefilm (that is z < 0 and |z| < d), that

0B,
0z

0By

7 0z |_

08 g O _
= Uoo(d + ZZ)E ~ pood —=. (A-9)




!

Since B, isan even function of z’' = z + d /2, therefore we ha\/e%

the left-hand side of Eq.(A-9) becomes 2 % B,(p, z; t). Theright-hand side is approximated by
the z-independent term of B, inside the film thickness. On the other hand, the z-dependent term
of B} isevenin z' and is of order ~ z'2d /h so that it can be neglected based onthe h > d
condition. As such the right-hand side is represented by B, (p, z; t). Putting these results together,

9B}
z 0z l_q—z

<0 that

we get
9 9 5y
2 5 B,(p,z; t) = uyod arBZ(p’ z;t)

(A-10)

Y, Y
= EBZ(p,Z; t) =1, EBZ(p,z; t).

Herez = 0, and vy, = 2/(uy0d).
A.6 The equation in A.5, namely, Eq.(A-10) supports a solution of the form
(A-11)

B',(p,z;t) = f(p,z + vot),
andat z = 0.

AT ALt =0,B)(p,z > 0) = Lin [(ZHS;”;ZP —, whichis of the form

(A-12)

B)(p,z=0) = F(p,z + h).

For t > 0, we have according to Eq.(A-11), the replacement

tothe B}(p,z £ = 0).

In other words, B,(p,z = 0;t) = F(p,z + vyt + h).

This corresponds to a physical picture of a moving image monopole, with its position
(A-14)

(A-13)

Zmp = —h - vot.

(A-15)

Findly, | vy = 2/(uy0d).

Part B. Magnetic force acting on a point-like magnetic dipole moving at a constant h with
a constant velocity

A moving monopole
B.1 The present locations of al the image magnetic monopoles of type q,,, are at

(B-1)

(x,z) = [-nvt,—h — ny,t], forn = 0.




The locations of al the image magnetic monopoles —q,, are at

(x,z) = [-(n+ D)vt,—h —nyyt ], for n > 0. (B-2)

B.2 The magnetic potential @, (x, z) due to al the image magnetic monopolesat t = 0 isgiven
by, in summation form

Hodm v oo 1 Hodm voo 1
d,(x,z) = — - =
+(x,2) am Zn_o\/(x+nvr)2+(z+h+nvor)2 am Zn=o Jx+m+D)vn)2+(z+h+nvT)2

> | @.n) =tinye, 1 1 GE)

4 V (x+nv1)2+(z+h+nvyT)? N JE+m+1)vr)2+(z+h+nvT)2

Inintegral form

_ Hoqm (> 1 1 _ 1 _
P4 (x,2) = amt fO dt [J(x+vt’)2+(z+h+v0t’)2 \/(x+vt’+m')2+(z+h+v0t’)2]’ (B-4)

_ HMom (™ 4., (x+vt")vr ]
T am fO dt [(x+vt")2+(z+h+v,oT)2]3/2 (B-5)

1 zZ+h Vo

= | d, (x,z) = LIn? — . B-6
+(x, 2) an  (z+h)v—vpx Jx2+(z+h)2 Jv2+v% (B-6)
A moving dipole
B.3
The total magnetic potential
Dr(x,z) =D, (x,2) + P_(x,2), (B-7)
where ®_(x,z) = —®,(x,z — 6).
Dr(x,z) =D, (x,2) — D, (x,z— 6p)
=0, X 0D, (x,2)/0z. (B-8)



2

_ _ bkomv v z+h _ Vo . X )
CDT(x' Z) - an | [(z+h)v-vox]? \ /x2+(z+h)? \/v2+v§ [(z+h)v—vox][x2+(z+h)2]3/2 | (B 9)
Force acting on the point-like magnetic dipole:
d d
Fo= =t ®10,2| | +ang 02| (B-10)
— _HoMdm ( 4 _ _ 1 -
k= 21 1 /u2+v (2h)3 (2h- 5m)3] (B-11)
o | g3l v (B-12)
Z  32mht V2402 '
da d
= —@u o= O )|+ G Or(uh = 8)| (B-13)
x=0 X x=0
3Mom Vo
= = B-14
32mh* v l ’v2+v0 ( )
Relation between v, and v and their relation
2 2
B4 Vo = od  4mx10-7x59x107x0.5x10-2 54 m/s. (B-15)

B.5 Inthesmall v regime, meaning that v issmaller than a certain typical velocity of the
system (or acritical velocity v, to be considered in the next task B.6) we have the characteristics
basically akin to that of v = 0. For v = 0, the frequency w is associated with v, /h. Making use
of the parameters given in B.4, the skin depth (Eq.(3) in the question sheet) § isgiven by

6=\/ 2 =\/ b — 158 c.m., which is more than three times greater than d.

WHoOo VoHoO
Thus we have, in the small v regime,

vy (V) = vy. (B-16)




Inthelarge v regime, we have the skin depth § < d so that the effect thin film thickness

def = 0, (B-17)
within which the field is more or less uniform (i.e. z independent).

Inthiscase, w = v/h, (B-18)
so the

— 2 _ 2 (@ _ |2V _ /2
UO(U) T uoos uocr\/ 2 Alpooch hUUO, or
d v
n) = v ¢ 2 (B-19)
B.6 Thecritical velocity v, is determined from the condition § = d :

2 2h
d= = | v = =1
Boovc/h dzpeo

Part C Motion of the magnetic dipole when the conducting thin film is super conducting

als

(B-20)

When the electrical conductivity ¢ — oo, the receding velocity v, — 0 so that there will not be
awhole series of image magnetic monopoles. Instead, the image is simply one image magnetic
dipole mirroring the instantaneous position of the magnetic dipole. In this case, the image
magnetic dipoleism = mx located at the location (x, y, z) = (0,0, —h). It isthen clear, from the
symmetry of the image configuration, that the force on the magnetic dipole from the image
alignsonly along Z. For our convenience, we take the magnetic monopole —q,,, to locate at x =
0, and for the magnetic monopole q,, the location x = &,,.

C.l
The total magnetic potential d+(x, z) from the image magnetic dipoleis

CDT(X, Z) - _ Hodm 1 + Hodm 1 (C'l)

4 \[x2+(z+h)2 ant J(x—6m)2+(z+h)%’
Approach 1:
The total vertica force E; acting on the magnetic dipole from the image magnetic dipoleis given

by

F} = (=m) |~ 2= @[ =0, + G |~ 5= 1 4=s; (C-2)

z=h z=h



B = ﬂoqun z+h _ lloqIZn
2 4w [x2 4 (z+ h)?2]3/2lx=0, 4w [(x — )2 + (z + h)2]3/2]x=0,
zZ=h z=h
_ Kodh Z+h + Hodin z+h
am  [x24+(z+h)?]3/2|x=8m, a4 [(x—8m)%+(z+h)?]3/2|x=6m, '
z=h z=h
2 2
B=2t(0) [1- ——p (€3)
(1+(ﬁ) )
I 3uom? _
Z 7 4mht’ (C-4)
Equilibrium condition:
FZI - M0g = 07 (C'S)
3H0m2 _
64mhE Mog,
) 1
_ | Buom~ |4 _
= ho = [64nMog] (C-6)
Approach 2:
We can use the direct force calculation.
2 171\2 2h ]
E/ = 2 odn (_) - G (C-7)
41T 2h (62 +(2h)2)
2
Hodm i) _ 1 -
- om (Zh 1 AL (C-8)
(1+(ﬁ) )

__ 3puem?
64mh*’

The equilibrium condition F; — Myg = 0 gives the same equilibrium position h, asin Eq. (C-6),

3[10771.

o | k= [
64TMyg

C.2

The oscillation frequency about the equilibrium is obtained from



E =~ My + %Az, (C-9)

yA

where Az = z — hy,

dF,
And from —~ = —k = —M,Q? (C-10)
we have
__ d3uem® _ 3pom® _ 4 3uom® _ 4Mog _ 2
k= = e = 16mhy ~ ho 64mhi  hy MoQ (C-11)

The angular oscillation frequency

Q= 2. (C-12)

0
C.3
1/4
3uo(tnr?m)” 1/4
ho = J(n—) - [ (C-13)

”(g”R Pog) 16pog
10 18x752x10~4] /4

ho = [16X7400x9.8xu0] m = 25. pm. (C-19)

30%x10~6

cC4 |a= \/;‘? = |28 -1 =1 3kHz (C-15)
0
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